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Abstract: In this paper, we introduce the notion of F-closure of intuitionistic
fuzzy submodules of a module M . Our attempt is to investigate various charac-
teristics of such an F-closure. If F is a non-empty set of intuitionistic fuzzy ideals
of a commutative ring R and A is an intuitionistic fuzzy submodule of M , then
the F-closure of A is denoted by ClMF (A). If F is weak closed under intersection,
then (1) F-closure of A exhibits the submodule character, and (2) the intersection
of F-closure of two intuitionistic fuzzy submodules equals the F-closure of intersec-
tion of the intuitionistic fuzzy submodules. If F is weak closed under intersection,
then the submodule property of F-closure implies that F is closed. Moreover, if F
is inductive, then F is a topological filter if and only if ClMF (A) is an intuitionistic
fuzzy submodule for any intuitionistic fuzzy submodule A of M .
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1. Introduction
In several branches of mathematics, closure operators have been extremely im-

portant. The closure operators T-closed and T-honest, which have been researched
by Fay and Joubert [7], are two examples of the various closure operators that
can be used for categories of modules. When studying different facets of rings and
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modules, these operators are helpful. Abian and Rinehart [1], created the theory
of honest subgroups. Researchers Fay, Joubert, and Jara [7], [9] have examined the
ideas of isolated submodules and honest submodules respectively. Honest submod-
ules and isolated submodules both have the same meaning for skew fields. A novel
characterization of the ore domain results from the honest submodules. Addition-
ally, according to the hypothesis put forth by Fay and Joubert, isolated subgroups
are helpful in the investigation of torsion-free groups in terms of the category of
groups. Joubert and Schoeman [10] developed the idea of super-honest submodules.
Cheng [6] has researched the super-honest submodules of quasi-injective modules.
Kashu in [11] has given a complete characterizations of closure operators in mod-
ules.

In this paper, an attempt has been made to extend the notion of honest and
superhonest submodules to intuitionistic fuzzy submodules. The only a few of
the terms like intuitionistic fuzzy honest submodules, intuitionistic fuzzy closure,
intuitionistic fuzzy torsion, and intuitionistic fuzzy superhonest submodules are
defined. In this study, various properties of honest and superhonest submodules
are intuitionistically fuzzified.

2. Preliminaries
Throughout this paper R is a non commutative ring with unity and M is a

R-module. The zero elements of R and M are 0 and θ, respectively.

Definition 2.1. ([2, 3, 4]) An intuitionistic fuzzy set (IFS) A in X can be rep-
resented as an object of the form A = {⟨x, µA(x), νA(x)⟩ : x ∈ X}, where the
functions µA : X → [0, 1] and νA : X → [0, 1] denote the degree of membership
(namely µA(x)) and the degree of non-membership (namely νA(x)) of each element
x ∈ X to A respectively and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X.

Remark 2.2. ([3, 4])

(i) When µA(x) + νA(x) = 1,∀x ∈ X. Then A is called a fuzzy set.

(ii) An IFS A = {⟨x, µA(x), νA(x)⟩ : x ∈ X} is briefly written as A(x) =
(µA(x), νA(x)), ∀x ∈ X. We denote by IFS(X) the set of all IFSs of X.

(iii) If p, q ∈ [0, 1] such that p + q ≤ 1. Then A ∈ IFS(X) defined by µA(x) = p
and νA(x) = q, for all x ∈ X, is called a constant intuitionistic fuzzy set of
X. Any IFS of X defined other than this is referred to as a non-constant
intuitionistic fuzzy set.

If A,B ∈ IFS(X), then A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥
νB(x),∀x ∈ X. For any subset Y of X, the intuitionistic fuzzy characteristic
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function χY is an intuitionistic fuzzy set of X, defined as χY (x) = (1, 0),∀x ∈ Y
and χY (x) = (0, 1),∀x ∈ X\Y . Let α, β ∈ [0, 1] with α + β ≤ 1. Then the crisp
set A(α,β) = {x ∈ X : µA(x) ≥ α and νA(x) ≤ β} is called the (α, β)-level cut
subset of A. Moreover, the set {x ∈ X : µA(x) > 0 and νA(x) < 1} is called the
support of the IFS A and is denoted by A∗. Also the IFS x(α,β) of X defined as
x(α,β)(y) = (α, β), if y = x, otherwise (0, 1) is called the intuitionistic fuzzy point
(IFP) in X with support x. By x(α,β) ∈ A we mean µA(x) ≥ α and νA(x) ≤ β.

Definition 2.3. ([5, 15]) Let A ∈ IFS(R). Then A is called an intuitionistic fuzzy
ideal (IFI) of ring R, if for all x, y ∈ R, the followings are satisfied

(i) µA(x− y) ≥ µA(x) ∧ µA(y); (ii) µA(xy) ≥ µA(x) ∨ µA(y);

(iii) νA(x− y) ≤ νA(x) ∨ νA(y); (iv)νA(xy) ≤ νA(x) ∧ νA(y).

Note that µA(0R) ≥ µA(x) ≥ µA(1R), µA(0R) ≤ µA(x) ≤ νA(1R),∀x ∈ R. The set
of all intuitionistic fuzzy ideals of R is denoted by IFI(R).

Definition 2.4. ([5, 8, 13, 14, 15]) Let A ∈ IFS(M). Then A is called an intu-
itionistic fuzzy submodule (IFSM) of M if for all x, y ∈ M, r ∈ R, the followings
are satisfied

(i) µA(x− y) ≥ µA(x) ∧ µA(y) (ii) νA(x− y) ≤ νA(x) ∨ νA(y),

(iii) µA(xr) ≥ µA(x) (iv) νA(xr) ≤ νA(x),

(v) µA(θ) = 1 (vi) νA(θ) = 0.

Clearly, χ{θ}, χM are IFSMs of M and these are called trivial IFSMs of M . Any
IFSM ofM other than these is called non-trivial proper IFSM ofM . Let IFSM(M)
denote the set of all intuitionistic fuzzy R-submodules of M and IFI(R) denote
the set of all intuitionistic fuzzy ideals of R. We note that when R = M , then
A ∈ IFSM(M) if and only if µA(θ) = 1, νA(θ) = 0 and A ∈ IFI(R).

Definition 2.5. ([15, 16]) Let A ∈ IFSM(M) and C ∈ IFI(R). Then the
intuitionistic fuzzy product AC of A and C is defined as: For all x ∈ M

(µAC(x), νAC(x)) =

{
(Supx=mr(µA(m) ∧ µC(r)), Infx=mr(νA(m) ∨ νC(r)), if x = mr

(0, 1), otherwise

Remark 2.6. ([15, 17]) Let M be an R-module. Then for any x(p,q) ∈ IFP (M), y(t,s)
∈ IFP (R), we have x(p,q)y(t,s) = (xy)(p∧t,q∨s).

Theorem 2.7. ([5, 15]) Let A ∈ IFS(R). Then A is an intuitionistic fuzzy ideal
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if and only if A(α,β) is an ideal of R, for all α ≤ µA(0), β ≥ νA(0) with α + β ≤ 1.

Definition 2.8. ([12, 17]) An non-zero IFI A of a ring R is called an intuitionistic
fuzzy essential ideal of R, denoted by A ⊆e R, if for every nonzero IFI B of R,
A∩B ̸= χ0, i.e., there exist 0 ̸= x ∈ R such that x(s,t) ∈ A∩B, for some s, t ∈ (0, 1]
such that s+ t ≤ 1.

Definition 2.9. ([12, 17]) Let A,B be two non-zero IFIs of a ring R such that
A ⊆ B. Then A is called an intuitionistic fuzzy essential ideal in B, denoted by
A ⊆e B, if for every non-zero IFI C of R satisfying C ⊆ B, A∩C ̸= χ0, i.e., there
exist 0 ̸= x ∈ R such that x(s,t) ∈ A ∩ C, for some s, t ∈ (0, 1] such that s+ t ≤ 1.

Lemma 2.10. ([12, 17]) An IFI A of a ring R is an intuitionistic fuzzy essential
ideal of R, if and only if A is an intuitionistic fuzzy essential ideal of χR.

Theorem 2.11. ([12, 17]) Let A,B and C be non-zero IFIs of ring R such that
A ⊆ B ⊆ C. Then A ⊆e C if and only if A ⊆e B ⊆e C.

Definition 2.12. ([15]) For A,B ∈ IFS(M) and C ∈ IFS(R), define the
residual quotient (A : B) and (A : C) as follows: (A : B) =

⋃
{D : D ∈

IFS(R) such that D · B ⊆ A} and (A : C) =
⋃
{E : E ∈ IFS(M) such that C ·

E ⊆ A}. Clearly, (A : B) ∈ IFS(R) and (A : C) ∈ IFS(M). Further, when
A,B ∈ IFSM(M) and C ∈ IFI(R), then (A : B) ∈ IFI(R) and (A : C) ∈
IFSM(M).

Definition 2.13. ([15]) For A,B ∈ IFS(M) and C ∈ IFS(R). Then we have

(i) (A : B) ·B ⊆ A ;

(ii) C · (A : C) ⊆ A ;

(iii) C ·B ⊆ A ⇔ C ⊆ (A : B) ⇔ B ⊆ (A : C).

Definition 2.14. ([15]) Suppose A and B be two IFSMs of an R-module M . Then
(A : B) =

⋃
{r(α,β) : r ∈ R,α, β ∈ (0, 1] with α + β ≤ 1, r(α,β)B ⊆ A} is an IFI in

R.

Definition 2.15. ([15]) Let M be a R-module and A ∈ IFS(M), then the annihi-
lator of A is denoted by Ann(A) and is defined as:

Ann(A) =
⋃
{B : B ∈ IFS(R) such that BA ⊆ χθ}

Note that (χθ : A) = Ann(A).

Lemma 2.16. ([15]) Let M be a R-module, then Ann(χθ) = χR.



An Investigation of F-Closure of Intuitionistic Fuzzy Submodules ... 265

3. F-closure of Intuitionistic Fuzzy Submodules
In this section let F be a non empty set of intuitionistic fuzzy ideals of R.

Definition 3.1. Let M be an R-module and A be an IFSM of M . Then we define
an intuitionistic fuzzy torsion of A as follows:

T (A) =
⋃
{B : B ∈ IFS(M), B ⊆ A,BC ⊆ χθ, for some C ∈ IFI(R)}.

Also we define the F-torsion of A as follows:

TM
F (A) =

⋃
{B : B ∈ IFS(M), B ⊆ A, there is C ∈ F such that BC ⊆ χθ}.

χM is F-torsion if TM
F (χM) = χM and F-torsion free if TM

F (χM) = χθ

Definition 3.2. Let M be an R-module and A be an IFSM of M . Then we define
the intuitionistic fuzzy closure of A as follows:

Cl(A) =
⋃
{B : B ∈ IFS(M), B ⊆ A,BC ⊆ A, for some C ∈ IFI(R)}.

Also we define the F-closure of A as follows:

ClMF (A) =
⋃
{B : B ∈ IFS(M), B ⊆ A, there is C ∈ F such that BC ⊆ A}.

Lemma 3.3. Let M be an R-module and A be an IFSM of M . Then

T (A) =
⋃
{m(α,β) : m(α,β) ∈ A,m(α,β)C ⊆ χθ, for some C ∈ IFI(R)}.

Proof. Clearly, {m(α,β) : m(α,β) ∈ A,m(α,β)C ⊆ χθ, for some C ∈ IFI(R)}
⊆ {B : B ∈ IFS(M), B ⊆ A, there is C ∈ F such that BC ⊆ χθ}.
Therefore,

⋃
{m(α,β) : m(α,β) ∈ A,m(α,β)C ⊆ χθ, for some C ∈ IFI(R)}

⊆
⋃
{B : B ∈ IFS(M), B ⊆ A, there is C ∈ F such that BC ⊆ χθ} = T (A).

Let B ∈ IFS(M) such that BC ⊆ χθ for some C ∈ IFI(R). Let m ∈ M such
that µB(m) = α, νB(m) = β.

µm(α,β)C(x) = ∨{m(α,β)(s) ∧ µC(y)|x = sy; s ∈ M, y ∈ R}
= ∨{µB(m) ∧ µC(y)|x = my;m ∈ M, y ∈ R}
≤ ∨{µB(s) ∧ µC(y)|x = sy; s ∈ M, y ∈ R}
= µBC(x)

≤ µχθ
(x).

i.e., µm(α,β)C(x) ≤ µχθ
(x). Similarly, we can show that νm(α,β)C(x) ≥ νχθ

(x).
Thus m(α,β)C ⊆ χθ. Therefore T (A) ⊆

⋃
{m(α,β) : m(α,β) ∈ A,m(α,β)C ⊆ χθ,

for some C ∈ IFI(R)}. Hence the proof of the lemma completed.
The proofs of the following Lemmas are similar

Lemma 3.4. Let M be an R-module and A be an IFSM of M . Then
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TM
F (A) =

⋃
{m(α,β) : m(α,β) ∈ A, there is C ∈ F such that m(α,β)C ⊆ χθ}.

Lemma 3.5. Let M be an R-module and A be an IFSM of M . Then

Cl(A) =
⋃
{m(α,β) : m(α,β) ∈ A,m(α,β)C ⊆ A, for some C ∈ IFI(R)}.

Lemma 3.6. Let M be an R-module and A be an IFSM of M . Then

ClMF (A) =
⋃
{m(α,β) : m(α,β) ∈ A, there is C ∈ F such that m(α,β)C ⊆ A}.

Definition 3.7. Let M be an R-module and A ∈ IFSM(M). We call A is F-
closed if ClMF (A) = A.

Definition 3.8. F is called weak closed under intersection if for any C1, C2 ∈ F
there exists C ∈ F such that C ⊆ C1 ∩ C2.

Definition 3.9. F is called inductive if for any C1 ∈ F and any ideal C2 ⊇ C1, we
have C2 ∈ F.

Definition 3.10. F is called closed if for any r(s,t) ∈ IFP (R) and any C1 ∈ F,
there is C2 ∈ F such that C2r(s,t) ⊆ C1, i.e., C2 ⊆ (C1 : r(s,t)).

Definition 3.11. F is called a topological filter if it is closed under intersection,
inductive and closed.

Theorem 3.12. If F is the set of all intuitionistic fuzzy essential ideals of R, then
F is inductive.
Proof. Let C1 ∈ F. If C2 is any intuitionistic fuzzy ideal of R such that C2 ⊇ C1.
Then C1 ⊆e R and so C1 ⊆e χR. Thus from C1 ⊆ C2 ⊆ χR, it follows that C2 ⊆e R
and hence C2 ∈ F.

Theorem 3.13. Let M be an R-module.

(a) If F is weak closed under intersection, then for any A ∈ IFSM(M) we have
that ClMF (A) is an intuitionistic fuzzy submodule of M .

(b) If F is weak closed under intersection if and only if ClMF (A1) ∩ ClMF (A2) =
ClMF (A1 ∩ A2) for any two A1, A2 ∈ IFSM(M).

(c) If F is weak closed under intersection, then F is closed if and only if ClMF (B)
is an intuitionistic fuzzy submodule of M for any B ∈ IFSM(M).

Proof. For (a) Let m1,m2 ∈ M . Now, µClMF (A)(m1) ∧ µClMF (A)(m2)

= (∨{µB1(m1) : B1 ∈ IFS(M), B1 ⊆ A, there is C1 ∈ F such that B1C1 ⊆ A})
∧(∨{µB2(m2) : B1 ∈ IFS(M), B2 ⊆ A, there is C2 ∈ F such that B2C2 ⊆ A})
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= ∨({µB1(m1) ∧ µB2(m2) : Bi ∈ IFS(M), Bi ⊆ A, there is Ci ∈ F such that
BiCi ⊆ A, i = 1, 2})
≤ {µ(B1+B2)(m1)∧µ(B1+B2)(m2) : Bi ∈ IFS(M), Bi ⊆ A, there is Ci ∈ F such that
BiCi ⊆ A, i = 1, 2}
≤ {µ(B1+B2)(m1 −m2) : Bi ∈ IFS(M), Bi ⊆ A, there is Ci ∈ F such that BiCi ⊆
A, i = 1, 2}.

Since F is weak closed, it follows that C1, C2 ∈ F implies there is C ∈ F such
that C ⊆ C1 ∩ C2. Therefore we have,

(B1 +B2)C ⊆ (B1 +B2)(C1 ∩ C2)

⊆ B1(C1 ∩ C2) +B2(C1 ∩ C2)

⊆ B1C1 +B2C2

⊆ A+ A = A.

Thus, µClMF (A)(m1)∧µClMF (A)(m2) ≤ {µ(B1+B2)(m1−m2) : (B1+B2)C ⊆ A for some

C ∈ F} = µClMF (A)(m1 −m2).

Therefore, µClMF (A)(m1) ∧ µClMF (A)(m2) ≤ µClMF (A)(m1 −m2). Similarly, we can

show that νClMF (A)(m1) ∨ νClMF (A)(m2) ≥ νClMF (A)(m1 −m2). Also,

µClMF (A)(rm) = ∨{µB(rm) : B ∈ IFS(M), B ⊆ A, there is C ∈ F s.t. BC ⊆ A}
≥ ∨{µB(m) : B ∈ IFS(M), B ⊆ A, there is C ∈ F s.t. BC ⊆ A} = µClMF (A)(m).

Similarly, we can show that νClMF (A)(rm) ≤ νClMF (A)(m).

Hence ClMF (A) ∈ IFSM(M).
For (b)(⇒) For any m ∈ M , µClMF (A1∩A2)(m)

= ∨{µB(m) : B ∈ IFS(M), B ⊆ A1 ∩ A2, there is C ∈ F s.t. BC ⊆ A1 ∩ A2}
= ∨{µB(m) ∧ µB(m) : B ∈ IFS(M), B ⊆ A1 ∩ A2, there is C ∈ F s.t. BC ⊆
A1, BC ⊆ A2}
= (∨{µB(m) : B ∈ IFS(M), B ⊆ A1, there is C ∈ F s.t. BC ⊆ A1})∧(∨{µB(m) :
B ∈ IFS(M), B ⊆ A2, there is C ∈ F s.t. BC ⊆ A2}).
≤ µClMF (A1)(m)∧µClMF (A2)(m). Thus, µClMF (A1∩A2)(m) ≤ µClMF (A1)(m)∧µClMF (A2)(m).

Similarly, we can show
νClMF (A1∩A2)(m) ≥ νClMF (A1)(m) ∨ νClMF (A2)(m). Thus we have

ClMF (A1 ∩ A2) ⊆ ClMF (A1) ∩ ClMF (A2). Also,
µClMF (A1)∩ClMF (A2)(m) = µClMF (A1)(m) ∧ µClMF (A2)(m)

= (∨{µB1(m) : B1 ∈ IFS(M), B1 ⊆ A1, there is C1 ∈ F s.t. B1C1 ⊆ A1})
∧(∨{µB2(m) : B2 ∈ IFS(M), B2 ⊆ A2, there is C ∈ F s.t. B2C2 ⊆ A2})
= ∨{µB1(m)∧µB2(m) : Bi ∈ IFS(M), Bi ⊆ Ai, there is Ci ∈ F s.t. BiCi ⊆ Ai, i =
1, 2}
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= ∨{µB1∩B2(m) : Bi ∈ IFS(M), Bi ⊆ Ai, there is Ci ∈ F s.t. B1C1 ∩ B2C2 ⊆
A1 ∩ A2, i = 1, 2}. Now we have

(B1 ∩B2)(C1 ∩ C2) ⊆ B1(C1 ∩ C2) ∩B2(C1 ∩ C2)

⊆ B1C1 ∩B2C2

⊆ A1 ∩ A2.

Since F is weak closed, for C1, C2 ∈ F there exists C ∈ F such that C ⊆ B1 ∩ B2.
Therefore, (B1 ∩B2)C ⊆ (B1 ∩B2)(C1 ∩ C2) ⊆ A1 ∩ A2. Thus we have
µClMF (A1)∩ClMF (A2)(m) ≤ ∨{µB(m) : B ∈ IFS(M), B ⊆ A1 ∩ A2, there is C ∈ F s.t.

BC ⊆ A1 ∩ A2, i = 1, 2} = µClMF (A1∩A2)(m). Thus, we have

µClMF (A1)∩ClMF (A2)(m) ≤ µClMF (A1∩A2)(m). Similarly, we can show that

νClMF (A1)∩ClMF (A2)(m) ≥ νClMF (A1∩A2)(m), i.e., ClMF (A1) ∩ ClMF (A2) ⊆ ClMF (A1 ∩ A2).

Hence the result follows.
For (b)(⇐) Let C1, C2 ∈ F, we have

µCi1(α,β)
(x) = ∨{µCi

(y) ∧ 1(α,β)(z) : x = yz, y, z ∈ R}
≤ µCi

(x) ∧ α

≤ µCi
(x).

Thus, µCi1(α,β)
(x) ≤ µCi

(x). Similarly, we can show νCi1(α,β)
(x) ≥ νCi

(x). So

we have, Ci1(α,β) ⊆ Ci, i = 1, 2 and therefore, 1(α,β) ∈ ClRF (A1) ∩ ClRF (A2) =
ClRF (A1 ∩ A2), hence there exist C ∈ F such that C ⊆ A1 ∩ A2.

For (c)(⇒) Follows from part (a).
For (c)(⇐) Let C ∈ F and r(s,t) ∈ IFP (R), then ClRF (C) = χR, hence r(s,t) ∈

ClRF (C) and therefore there is D ∈ F such that Dr(s,t) ⊆ C.

Theorem 3.14. Let F be an inductive set of intuitionistic fuzzy ideals, then the
following statements are equivalent:

(a) F is a topological filter.

(b) ClMF (A) is an intuitionistic fuzzy submodule for any A ∈ IFSM(M)

Proof. (a)⇒ (b) F closed under intersection, so weak closed under intersection. It
is given that F is closed, hence by part (c) of the above theorem the result follows.

(b)⇒ (a) F is weak closed under intersection and closed as ClMF (A) is an intu-
itionistic fuzzy submodule for any A ∈ IFSM(M). Since F is inductive, therefore
it is closed under intersection. Hence F is a topological filter.
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Definition 3.15. Let M be an R-module. Then an intuitionistic fuzzy submodule
A of M is said to F-closed in χM if for any intuitionistic fuzzy ideal C ∈ F and
any m(α,β) ∈ IFP (M), χθ ̸= m(α,β)C ⊆ A implies m(α,β) ∈ A, α, β ∈ (0, 1) such
that α + β ≤ 1.

Theorem 3.16. If A ⊆ B ⊆ χM . If A is F-closed in B and B is F-closed in χM ,
then A is F-closed in χM .
Proof. Let C ∈ F and m(α,β) ∈ IFP (M) such that χθ ̸= m(α,β)C ⊆ A. Thus
m(α,β)C ⊆ A ⊆ B. Since B is F-closed in χM , it follows that m(α,β) ∈ B. Now,
m(α,β) ∈ B and m(α,β)C ⊆ A ⊆ A. Since A is F-closed in B, so it gives m(α,β) ∈ A.
Hence A is F-closed in χM .

Theorem 3.17. Let A ∈ IFSM(M). If A is F-closed in χM and inductive then,
for any m(α,β) ∈ ClMF (A)\A, we have (A : m(α,β)) = Ann(m(α,β)).
Proof. Let A is F-closed in χM and inductive. Clearly, Ann(m(α,β)) ⊆ (A : m(α,β)).

Let m(α,β) ∈ ClMF (A)\A. Then there exists C ∈ F such that m(α,β)C ⊆ χθ and
this implies C ∈ Ann(m(α,β)). Since F is inductive, so we have Ann(m(α,β)) ∈ F.
Now Ann(m(α,β)) ⊆ (A : m(α,β)) implies (A : m(α,β)) ∈ F.

Next let r(s,t) ∈ (A : m(α,β)), then r(s,t)m(α,β) ⊆ A, ∴ (A : m(α,β))m(α,β) ⊆ A and
thus (A : m(α,β))m(α,β) ⊆ χθ. This implies (A : m(α,β)) ⊆ Ann(m(α,β)).
Hence (A : m(α,β)) = Ann(m(α,β)).

Theorem 3.18. Let A ∈ IFSM(M). For any m(α,β) ∈ ClMF (A)\A, we have
(A : m(α,β)) = Ann(m(α,β)), then m(α,β)χR ∩ A = χθ.
Proof. We have

µm(α,β)χR
(x) = ∨{µm(α,β)

(y) ∧ µχR
(z), y ∈ M, z ∈ R, x = yz}

= ∨{µm(α,β)
(y), y ∈ M, z ∈ R, x = yz}

=

{
0, if x /∈ mR
α, if x ∈ mR.

= µ(mR)(α,β)
(x).

Similarly, we have

νm(α,β)χR
(x) = ∧{νm(α,β)

(y) ∨ νχR
(z), y ∈ M, z ∈ R, x = yz}

= ∧{νm(α,β)
(y), y ∈ M, z ∈ R, x = yz}

=

{
1, if x /∈ mR
β, if x ∈ mR.

= ν(mR)(α,β)
(x).
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Then (mR)(α,β) is an intuitionistic fuzzy submodule of M . Let C = (A : m(α,β))
and L = {r ∈ R : mr ∈ A∗}. Let x ∈ C∗, then there exists p, q ∈ [0, 1] such that
p + q ≤ 1 and µA(mx) ≥ α ∧ p > 0, νA(mx) ≤ β ∨ q < 1. Consequently, mx ∈ A∗

and thus x ∈ L. Hence A∗ ⊆ L.
Again let x ∈ L, then x ∈ A∗ and this imply that µA(mx) ≥ 0, νA(mx) ≤ 1.

Let µA(mx) = α, νA(mx) = β, then µA(mx) ≥ α ∧ p, νA(mx) ≤ β ∨ q, which
gives (mx)(α∧p,β∨q) ∈ A. Thus x(α∧p,β∨q) ∈ C, i.e., µC(x) ≥ α > 0, νC(x) ≤ β < 1
therefore, x ∈ C∗, thus L ⊆ C∗. Hence L = C∗. Thus (A : m(α,β))

∗ = L = {r ∈ R :
mr ∈ A∗} = (A∗ : m(α,β)). Also, [Ann(m(α,β))]

∗ = Ann(m(α,β)).
Now, [(mR)(α,β) ∩ A]∗ = {x|µ(mR)(α,β)

(x) > 0, ν(mR)(α,β)
(x) < 1} = {x ∈

mR and x ∈ A∗} = mR ∩A∗. By hypothesis we have, (A : m(α,β)) = Ann(m(α,β)),
this implies (A∗ : m) = [Ann(m(α,β))]

∗ = Ann(m) and therefore mR ∩ A∗ = 0 so
[(mR)(α,β) ∩ A∗] = 0. Hence m(α,β)χR ∩ A = χθ.

Theorem 3.19. Let A ∈ IFSM(M). If for any m(α,β) ∈ ClMF (A)\A, we have
m(α,β)χR ∩ A = χθ, then A is F-closed.
Proof. Let C ∈ F,m(α,β) ∈ IFP (M) such that χθ ̸= m(α,β)C ⊆ A. If m(α,β) /∈ A
then we have, by hypothesism(α,β)χR∩A = χθ. Nowm(α,β)C ⊆ A impliesm(α,β)C∩
A = m(α,β)C ⊆ m(α,β)χR. Therefore m(α,β)C = m(α,β) ∩ A ⊆ m(α,β)χR ∩ A = χθ, a
contradiction. Hence the result follows.

As the consequences of the Theorems (3.17), (3.18), (3.19) we obtain the fol-
lowing:

Theorem 3.20. Let A ∈ IFSM(M) and F is inductive. Then the following
statements are equivalent:

(a) A is F-closed in χM .

(b) For any m(α,β) ∈ ClMF (A)\A, we have (A : m(α,β)) = Ann(m(α,β)).

(c) For any m(α,β) ∈ ClMF (A)\A, we have χR ∩m(α,β) = χθ.

Theorem 3.21. Let A ∈ IFSM(M) be an F-closed, then ClMF (A) = A∪TM
F (χM).

Proof. Clearly, A∪TM
F (χM) ⊆ ClMF (A). Now let m(α,β) ∈ ClMF (A)\A, there exists

C ∈ F such that m(α,β)C = χθ, thus m(α,β) ∈ TM
F (χM). This complete the proof.

4. Conclusion
In this paper, we have introduced the notion of F-closure of intuitionistic fuzzy

submodules of a module M . We investigated various characteristics of such an
F-closure. It is proved that if F is weak closed under intersection, then F-closure of
A is an intuitionistic fuzzy submodule of M . Further, the intersection of F-closure



An Investigation of F-Closure of Intuitionistic Fuzzy Submodules ... 271

of two intuitionistic fuzzy submodules equals the F-closure of intersection of the
intuitionistic fuzzy submodules. Also, if F is weak closed under intersection, then
the submodule property of F-closure asserts that F is closed. Furthermore, we have
shown that, if F is inductive, then F is a topological filter if and only if ClMF (A) is
an intuitionistic fuzzy submodule of any intuitionistic fuzzy submodule A of M .
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