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Abstract: In this paper, we introduce the notion of §-closure of intuitionistic
fuzzy submodules of a module M. Our attempt is to investigate various charac-
teristics of such an §-closure. If § is a non-empty set of intuitionistic fuzzy ideals
of a commutative ring R and A is an intuitionistic fuzzy submodule of M, then
the §-closure of A is denoted by C’l§4 (A). If § is weak closed under intersection,
then (1) F-closure of A exhibits the submodule character, and (2) the intersection
of §-closure of two intuitionistic fuzzy submodules equals the §-closure of intersec-
tion of the intuitionistic fuzzy submodules. If § is weak closed under intersection,
then the submodule property of §-closure implies that § is closed. Moreover, if §
is inductive, then § is a topological filter if and only if C’lé/[ (A) is an intuitionistic
fuzzy submodule for any intuitionistic fuzzy submodule A of M.
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1. Introduction

In several branches of mathematics, closure operators have been extremely im-
portant. The closure operators T-closed and T-honest, which have been researched
by Fay and Joubert [7], are two examples of the various closure operators that
can be used for categories of modules. When studying different facets of rings and
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modules, these operators are helpful. Abian and Rinehart [1], created the theory
of honest subgroups. Researchers Fay, Joubert, and Jara [7], [9] have examined the
ideas of isolated submodules and honest submodules respectively. Honest submod-
ules and isolated submodules both have the same meaning for skew fields. A novel
characterization of the ore domain results from the honest submodules. Addition-
ally, according to the hypothesis put forth by Fay and Joubert, isolated subgroups
are helpful in the investigation of torsion-free groups in terms of the category of
groups. Joubert and Schoeman [10] developed the idea of super-honest submodules.
Cheng [6] has researched the super-honest submodules of quasi-injective modules.
Kashu in [11] has given a complete characterizations of closure operators in mod-
ules.

In this paper, an attempt has been made to extend the notion of honest and
superhonest submodules to intuitionistic fuzzy submodules. The only a few of
the terms like intuitionistic fuzzy honest submodules, intuitionistic fuzzy closure,
intuitionistic fuzzy torsion, and intuitionistic fuzzy superhonest submodules are
defined. In this study, various properties of honest and superhonest submodules
are intuitionistically fuzzified.

2. Preliminaries
Throughout this paper R is a non commutative ring with unity and M is a
R-module. The zero elements of R and M are 0 and 6, respectively.

Definition 2.1. ([2, 3, 4]) An intuitionistic fuzzy set (IFS) A in X can be rep-
resented as an object of the form A = {{(x,pa(x),va(z)) : © € X}, where the
functions s : X — [0,1] and va : X — [0,1] denote the degree of membership
(namely pa(x)) and the degree of non-membership (namely va(zx)) of each element
z € X to A respectively and 0 < pa(x) +va(z) <1 for each x € X.

Remark 2.2. ([3, 4])
(1) When pa(z) +va(x) =1,Vo € X. Then A is called a fuzzy set.

(ii)) An IFS A = {{(x,pa(x),va(x)) : x € X} is briefly written as A(z) =
(na(x),va(x)), Vo € X. We denote by IFS(X) the set of all IFSs of X.

(111) If p,q € [0,1] such that p+q < 1. Then A € IFS(X) defined by ps(xz) =p

and va(z) = q, for all x € X, is called a constant intuitionistic fuzzy set of

X. Any IFS of X defined other than this is referred to as a mon-constant
intuitionistic fuzzy set.

If A,B € IFS(X), then A C B if and only if pa(z) < pp(z) and va(z) >

vp(z),Vo € X. For any subset Y of X, the intuitionistic fuzzy characteristic
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function yy is an intuitionistic fuzzy set of X, defined as yy(x) = (1,0),Vx € Y
and xy(z) = (0,1),Vz € X\Y. Let o, 8 € [0,1] with o + 3 < 1. Then the crisp
set Ap = {r € X 1 pa(z) > a and va(x) < B} is called the (o, 8)-level cut
subset of A. Moreover, the set {z € X : pa(x) > 0 and v4(z) < 1} is called the
support of the IFS A and is denoted by A*. Also the IFS () of X defined as
T(a,p (y) = (o, B), if y = x, otherwise (0,1) is called the intuitionistic fuzzy point
(IFP) in X with support z. By x(q, € A we mean pa(x) > o and v4(z) < 5.
Definition 2.3. ([5, 15]) Let A € IFS(R). Then A is called an intuitionistic fuzzy
ideal (IFI) of ring R, if for all x,y € R, the followings are satisfied

(i) pa(x —y) = pa(@) A paly)s (i) pa(zy) 2 palz) vV paly);

(i) va(x —y) S va(z) V valy); (ivva(zy) < valz) Ava(y).
Note that pa(0r) > pa(x) > pa(lr), pa(Or) < pa(z) < va(lg), Vo € R. The set
of all intuitionistic fuzzy ideals of R is denoted by I FI(R).

Definition 2.4. ([5, 8, 13, 14, 15]) Let A € IFS(M). Then A is called an intu-
itionistic fuzzy submodule (IFSM) of M if for all x,y € M,r € R, the followings
are satisfied

(i) pa(x —y) > pal@) A paly) (@) valr —y) < valz) Vvaly),
(iti) pa(xr) > pa(z) (v) valzr) <wva(z),

(v) pa(f) =1 (vi) v4(6) = 0.

Clearly, xoy, xm are IFSMs of M and these are called trivial IFSMs of M. Any
IFSM of M other than these is called non-trivial proper IFSM of M. Let IF.SM (M)
denote the set of all intuitionistic fuzzy R-submodules of M and [FI(R) denote
the set of all intuitionistic fuzzy ideals of R. We note that when R = M, then
AeIFSM(M) if and only if pa(0) = 1,v4(0) =0 and A € IFI(R).

Definition 2.5. ([15, 16]) Let A € IFSM(M) and C € IFI(R). Then the
intuitionistic fuzzy product AC' of A and C' is defined as: For all x € M

) (Supz=mr(pa(m) A pe(r)), Infoemr(va(m) V ve(r)), if z =mr
(nac(@),vac(®)) = {(0, 1), otherwise

Remark 2.6. ([15, 17]) Let M be an R-module. Then for any x(,q € IFP(M), yqu,s
€ IFP(R), we have 4, q)Yt.s) = (TY) (pat,qvs) -

Theorem 2.7. ([5, 15]) Let A € IFS(R). Then A is an intuitionistic fuzzy ideal
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if and only if A py is an ideal of R, for all o < pua(0), 8 > v4(0) with a4 < 1.

Definition 2.8. ([12, 17]) An non-zero IFI A of a ring R is called an intuitionistic
fuzzy essential ideal of R, denoted by A C. R, if for every nonzero IFI B of R,
ANB # xo, i.e., there exist 0 # x € R such that x(sy) € ANB, for some s,t € (0, 1]
such that s +t < 1.

Definition 2.9. ([12, 17]) Let A, B be two non-zero IFIs of a ring R such that
A C B. Then A is called an intuitionistic fuzzy essential ideal in B, denoted by
A C. B, if for every non-zero IFI C of R satisfying C C B, ANC # xq, i.e., there
exist 0 # x € R such that x5y € ANC, for some s,t € (0,1] such that s+t < 1.

Lemma 2.10. ([12, 17]) An IFI A of a ring R is an intuitionistic fuzzy essential
tdeal of R, if and only if A is an intuitionistic fuzzy essential ideal of X g.

Theorem 2.11. ([12, 17]) Let A, B and C be non-zero IFIs of ring R such that
ACBCC. Then AC. C if and only if AC. B C. C.

Definition 2.12. ([15]) For A,B € IFS(M) and C € IFS(R), define the
residual quotient (A : B) and (A : C) as follows: (A : B) = \J{D : D €
IFS(R) such that D - B C A} and (A : C) =\J{E : E € I[FS(M) such that C -
E C A}. Clearly, (A : B) € IFS(R) and (A : C) € IFS(M). Further, when
A, B € IFSM(M) and C € IFI(R), then (A : B) € IFI(R) and (A : C) €
[FSM(M).

Definition 2.13. ([15]) For A,B € IFS(M) and C € IFS(R). Then we have
(i) (A:B)-BC A ;

(i1) C-(A:C)C A,

(iii) C-BC A< CC(A:B)< BC(A:C).

Definition 2.14. ([15]) Suppose A and B be two IFSMs of an R-module M. Then
(A:B) =U{r@p 7€ R,a,B € (0,1] withao+ 3 < 1,rugB C A} is an IFI in
R.

Definition 2.15. ([15]) Let M be a R-module and A € IFS(M), then the annihi-
lator of A is denoted by Ann(A) and is defined as:

Ann(A) = U{B : B € IFS(R) such that BA C xy}

Note that (xg : A) = Ann(A).
Lemma 2.16. ([15]) Let M be a R-module, then Ann(xs) = Xr-
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3. §-closure of Intuitionistic Fuzzy Submodules
In this section let § be a non empty set of intuitionistic fuzzy ideals of R.

Definition 3.1. Let M be an R-module and A be an IFSM of M. Then we define
an intuitionistic fuzzy torsion of A as follows:

T(A)=U{B:Be€IFS(M),BC A,BC C xy, for some C € IFI(R)}.
Also we define the §-torsion of A as follows:
TY(A)=U{B:BeIFS(M),BC A, there is C € § such that BC C xg}.
X is §-torsion if T (xar) = xm and F-torsion free if T3 (xar) = xo

Definition 3.2. Let M be an R-module and A be an IFSM of M. Then we define
the intuitionistic fuzzy closure of A as follows:

Cl(A)=U{B:BeIFS(M),BC A BCCA, for someC € IFI(R)}.
Also we define the F-closure of A as follows:
ClY'(A)=\U{B:BeIFS(M),BC A, there is C € § such that BC C A}.
Lemma 3.3. Let M be an R-module and A be an IFSM of M. Then
T(A) = U{m(a,p) : M(a,p) € A, m@apC C xo, for some C € IFI(R)}.

Proof. Clearly, {ma,g) : M(a,p) € A, m0,pC C Xg, for some C' € IFI(R)}
C{B:BelIFS(M),B C A, there is C € § such that BC' C xs}.

Therefore, [J{m(a,p) : M(a,p) € A, M(ap)C C Xxp, for some C € IFI(R)}
CWUHB:BelIFS(M),B C A, thereis C € § such that BC C xy} = T(A).

Let B € IFS(M) such that BC' C y, for some C' € IFI(R). Let m € M such
that pug(m) = a,vg(m) = .

=

fmg 0(T) = V{Map)(s) A pc(y)lz = sy;s € M,y € R}

V{us(m) A pe(y)le = my;m € M,y € R}

V{us(s) A pc(y)le = sy;s € M,y € R}

pe(T)

fixo ().

L€, fim, 50(T) < fiy,(z). Similarly, we can show that vy, , . c(z) > vy, (2).

Thus ma,pC C xo. Therefore T(A) C J{m@p) @ Map € A m@pC C Xo,

for some C € IFI(R)}. Hence the proof of the lemma completed.
The proofs of the following Lemmas are similar

Lemma 3.4. Let M be an R-module and A be an IFSM of M. Then

I IA

IN



266 South FEast Asian J. of Mathematics and Mathematical Sciences

TY(A) = U{map) : map) € A, there is C € § such that m,3C C xo}-
Lemma 3.5. Let M be an R-module and A be an IFSM of M. Then
CUA) = U{m(ap) : M(a,p) € A, M0 C C A, for some C € IFI(R)}.
Lemma 3.6. Let M be an R-module and A be an IFSM of M. Then
CI(A) = U{mp) : m@p) € A, there is C € § such that m(,C C A}.
Definition 3.7. Let M be an R-module and A € IFSM(M). We call A is -
closed if CI}'(A) = A.

Definition 3.8. § s called weak closed under intersection if for any C1,Cy € §
there exists C € § such that C C C; N C,.

Definition 3.9. § is called inductive if for any Cy € § and any ideal Cy O C1, we
have Cy € §.

Definition 3.10. § is called closed if for any r, € IFP(R) and any C; € §,
there is Cy € § such that Car(syy C Ch, i.e., Cy C (Cy : 7(sp).

Definition 3.11. § is called a topological filter if it is closed under intersection,
inductive and closed.

Theorem 3.12. If § is the set of all intuitionistic fuzzy essential ideals of R, then
§ is inductive.

Proof. Let C) € §. If (5 is any intuitionistic fuzzy ideal of R such that Cy D .
Then Cy C, R and so C7 C, xg. Thus from C C C5 C yp, it follows that Cs C, R
and hence (5 € §.

Theorem 3.13. Let M be an R-module.

(a) If § is weak closed under intersection, then for any A € IFSM(M) we have
that Clg(A) s an intuitionistic fuzzy submodule of M.

(b) If § is weak closed under intersection if and only if CIZ'(Ay) N ClY(Ay) =
Clg(Al N As) for any two Ay, Ay € IFSM(M).

(¢) If § is weak closed under intersection, then § is closed if and only if Cl (B)
is an intuitionistic fuzzy submodule of M for any B € IFSM(M).

Proof. For (a) Let m;, my € M. Now, fon (ay (ma) A fen ay (mg)
= (V{up,(my) : By € IFS(M),B; C A, there is C} € § such that B;C; C A})
ANNV{up,(ms) : By € IFS(M), By C A, there is Cy € § such that ByCy C A})
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= V({us,(m1) A up,(me) : B; € IFS(M),B; C A, thereis C; € § such that
BiC; C Aji = 1,2))
< A Br+8,) (M)A (B 1By (M2) : By € IFS(M), B; C A, there is C; € § such that
< A{uBi+By) (M1 —mg) : B; € IFS(M), B; C A, there is C; € § such that B;C; C
Ai=12}.

Since § is weak closed, it follows that C,Cy € § implies there is C' € § such
that C' C C7 N Cs. Therefore we have,

(B1+ B)C C (By+ B2)(CiNCy)

Bi1(Ch N Cy) + By(Cr N Cy)
B,Cy + By(Cy

A+ A=A

NN 1N

Thus, e a) (ml)/\MCléW(A)(m2> < {1, +Bs) (M1 —my) : (B1+By)C C A for some
Cegt= Mczéw(A)(ml —ma).

Therefore, MClé”(A)(ml) A e (a) (mg) < Hor () (my — mg). Similarly, we can
show that l/Clzgu(A)(ml) Y VCléw(A)(mg) > l/Clév[(A)<m1 —my). Also,
/LClg(A)(rm) =V{up(rm): Be€ IFS(M),B C A, thereis C € § s.t. BC C A}
> V{pp(m) : B € IFS(M), B C A, there is C' € § s.t. BC C A} = picype(a(m).
Similarly, we can show that v 4 (rm) < Vo (a) (m).
Hence C1¥(A) € IFSM(M).

For (b)(=-) For any m € M, ,uCléu(AmAz)(m)
=V{ug(m): Be€ IFS(M),B C A; N Ay, thereis C € §Fs.t. BC C A; N Ay}
= V{ug(m) A ug(m) : B € IFS(M),B C A; N Ay, thereis C € §Fs.t. BC C
Ay, BC C Ay}
= (V{ug(m): Be IFS(M),B C Ay, thereis C € §s.t. BC C A P)A(V{us(m) :
BeIFS(M),B C Ay, thereis C € § s.t. BC C Ay}).
< Mczy(Al)(m) /\MClé/[(Ag)(m)' Thus, :uCléV[(AlﬂAg)(m) < MClé”(Al)(m) /\NClgf(AQ)(m)-
Similarly, we can show
Vo (anay) (M) 2 Ve (ay) (M) V veg ) (m). Thus we have
CIF'(A; N Ay) C ClY (A1) NCIY (Az). Also,

Hent (Apncidt (4y) (M) = FLC’lé”(Al)(m) A Mczgf(/b)(m)
= (V{pp,(m) : By € IFS(M), B; C Ay, there is C; € § s.t. BiC; C Ay})
/\(V{,LLBQ(m) . B2 S IFS(M),BQ Q Ag,there is C € -’S s.t. BQCQ Q AQ})
= \/{,LLB1 (m) /\/LB2(m) . Bz € ].FS(]\4),BZ g Ai,there is Oz S 3 S.t. .BIC'z Q A“Z =
1,2}
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= \/{,uBmBQ(m) . B, € ]P’S([\4),Bz - Ai, there is Oz € §s.t. BiIC; N By,(Cy C
A1 N Ay i =1,2}. Now we have

(B1NB2)(C1NCy) C Bi(CiNCy) N By(CrNCy)
g BlCl N BQCQ
-

Ay N As.

Since § is weak closed, for (', Cy € § there exists C' € § such that C' C By N Bs.
Therefore, (B; N By)C' C (B N By)(C1 NCy) € A; N Ay. Thus we have
MClg/I(Al)ﬂClé”(Ag)(m) <V{pp(m): Be€ IFS(M),B C A N Ay, thereis C € § s.t.
BC CA NAyi=1,2} = ﬂczgf(AmAQ)(m) Thus, we have
,U/Cll%/I(Al)mCléM(AQ)(m) < uClgf(AlnAQ)(m). Similarly, we can show that
VC’lé”(Al)ﬂC’ly(Az)(m) > VClgf(AlmAz)(m), ie., Clé/[(Al) N Cl?(Ag) - Olé/[(Al N Ag)
Hence the result follows.

For (b)(«) Let Cy,C,y € §, we have

11 (@) = V{pc(y) A g (2) iz =yz,y,2 € R}
pe, () A a
/'ch<x>

IN A

Thus, pc, ,(*) < pe(z). Similarly, we can show v, , (2) > ve(x). So
we have, Cilag C Ci,i = 1,2 and therefore, 145 € CIF(A)) N CIE(Ay) =
Clf (A1 N Ay), hence there exist C' € § such that C' C A; N As.

For (c)(=) Follows from part (a).

For (c)(«) Let C € § and r(,;) € IFP(R), then C’l?(C’) = Xg, hence 7 €
Cl?(C) and therefore there is D € § such that Dr(4 C C.

Theorem 3.14. Let § be an inductive set of intuitionistic fuzzy ideals, then the
following statements are equivalent:

(a) § is a topological filter.
(b) CIY'(A) is an intuitionistic fuzzy submodule for any A € IFSM (M)

Proof. (a)=- (b) § closed under intersection, so weak closed under intersection. It
is given that § is closed, hence by part (c) of the above theorem the result follows.

(b)= (a) § is weak closed under intersection and closed as C1}(A) is an intu-
itionistic fuzzy submodule for any A € IF'SM(M). Since § is inductive, therefore
it is closed under intersection. Hence § is a topological filter.
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Definition 3.15. Let M be an R-module. Then an intuitionistic fuzzy submodule
A of M 1is said to §-closed in xpr if for any intuitionistic fuzzy ideal C € § and
any M,y € IFP(M), xo # m@apC C A implies mp € A, o, € (0,1) such
that o+ B < 1.

Theorem 3.16. If A C B C xu. If A is §-closed in B and B is §-closed in xr,
then A is §-closed in xs.

Proof. Let C' € § and m,p € IFP(M) such that xy # mzC C A. Thus
M,z C € A C B. Since B is §-closed in xyy, it follows that m, g € B. Now,
M) € B and m,3C € A C A. Since A is §-closed in B, so it gives m, g € A.
Hence A is §-closed in x ;.

Theorem 3.17. Let A€ IFSM(M). If A is §-closed in xnr and inductive then,
for any mq,p) € CIY(A)\A, we have (A : m(ap) = Ann(m(ag).
Proof. Let A is §-closed in xs and inductive. Clearly, Ann(ma,s)) C (A : m@g)).
Let m(a3 € ClY'(A)\A. Then there exists C' € § such that m4C C X and
this implies C' € Ann(m(a ))- Since § is inductive, so we have Ann( 8) ET.
Now Ann(ma,gz)) € (A:m aﬂ)) implies (A : M) € §.
Next let r¢, 4 € (A: m(a,g)), then reym,p C A, (A m(a,g))m(aﬁ) C A and
thus (A : ma,8))M,p) € xo- This implies (A : mag)) € Ann(m.g)).-
Hence (A : map)) = Ann(m.g)).
Theorem 3.18. Let A € IFSM(M). For any mp € Clf'(A)\A, we have
(A :map) = Ann(mep)), then m,gxr N A= Xo.
Proof. We have

:U/m(a,ﬁ)xg(x) - v{/ﬁm(aﬁ)(y) A /"LXR(Z)7 y € M? z € R?‘/E = yz}
= \/{pmmﬁ)(y),y €M, z€ Rx=yz}

B 0, ifxé¢mR
- a, if v €mR.

= 'u(mR)(a,B) (23)

Similarly, we have

Vm(aﬁ)XR(x) = /\{ym(&,ﬂ) (Y) Viyp(2),ye M,z € R,x = yz}
= Mm@y W),y € M,z € Rz =yz}

B 1, ifx¢mR
o B, if z € mR.

= V(mR)(a s (7)-
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Then (mR),p) is an intuitionistic fuzzy submodule of M. Let C' = (A : m(a,p))
and L = {r € R: mr € A*}. Let x € C*, then there exists p,q € [0,1] such that
p+q<1land ps(mz) > aAp>0,vs(mz) < FVqg<1 Consequently, mz € A*
and thus z € L. Hence A* C L.

Again let x € L, then z € A* and this imply that ps(maz) > 0,va(mx) < 1.
Let pa(mz) = a,va(mzx) = B, then pa(mx) > a A p,va(mz) < BV g, which
gives (mx)(anp,pvq) € A. Thus Tianppve) € C, ie., pe(x) > a > 0,vc(z) < B <1
therefore, x € C*, thus L C C*. Hence L = C*. Thus (A: mp)) =L ={reR:
mr € A*} = (A" : myap)). Also, [Ann(map)]" = Ann(ma,g))-

Now, [(mR>(aﬂ) N A]* = {x’/’l’(mR)(a,ﬁ) (37) > 0, Y(mR)(a,p) (JC) < 1} = {:IZ‘ S
mR and v € A*} = mRN A*. By hypothesis we have, (A : m,.g)) = Ann(ma,g)),
this implies (A* : m) = [Ann(m(.g))]" = Ann(m) and therefore mR N A* = 0 so
[(MmR)(a, NA*] = 0. Hence ma,zxr N A= Xo-

Theorem 3.19. Let A € IFSM(M). If for any m. € CIY(A)\A, we have
Ma,g)Xr N A = Xo, then A is F-closed.
Proof. Let C' € §,ma,p € IFP(M) such that xg # masC C A. If mpz ¢ A
then we have, by hypothesis m, g xrNA = x9. Now m(, 8 C C A implies m, 3 CN
A =mapC C mpxr. Therefore m 3 C = m@g NAC maugxrNA= Xy, a
contradiction. Hence the result follows.

As the consequences of the Theorems (3.17), (3.18), (3.19) we obtain the fol-
lowing;:

Theorem 3.20. Let A € IFSM(M) and § is inductive. Then the following
statements are equivalent:

(a) A is F-closed in .
(b) For any m,p) € C’l?(A)\A, we have (A : mp)) = Ann(m.g)).
(¢) For any m(a,p) € ClI'(A)\A, we have X N'M(a,p) = Xo-

Theorem 3.21. Let A € IFSM(M) be an §-closed, then CI3' (A) = AUT (xur)-
Proof. Clearly, AUT} (xa) C CIZ'(A). Now let mq,g) € Cl(A)\A, there exists
C € § such that m, g C = xp, thus m(g) € TgM(XM). This complete the proof.

4. Conclusion

In this paper, we have introduced the notion of §-closure of intuitionistic fuzzy
submodules of a module M. We investigated various characteristics of such an
§-closure. It is proved that if § is weak closed under intersection, then §-closure of
A is an intuitionistic fuzzy submodule of M. Further, the intersection of §-closure
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of two intuitionistic fuzzy submodules equals the §-closure of intersection of the
intuitionistic fuzzy submodules. Also, if § is weak closed under intersection, then
the submodule property of §-closure asserts that § is closed. Furthermore, we have
shown that, if § is inductive, then § is a topological filter if and only if CI}'(A) is
an intuitionistic fuzzy submodule of any intuitionistic fuzzy submodule A of M.
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